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Overview

20.1
Algebraic fractions

20.2
Linear and non-linear simultaneous equations

20.3
Number sequences

20.4
General rules from given patterns

20.5
Quadratic sequences

20.6
Changing the subject of a formula

This chapter shows how to manipulate algebraic fractions. Section 20.2 deals with the solution of linear and non-linear simultaneous equations, Sections 20.3 to 20.5 show how to continue a number sequence, then how to find and use the nth term of linear and quadratic sequences. Finally, Section 20.6 brings together many algebraic manipulation skills in ‘changing the subject’.

Context

In many ways, manipulation of algebraic expressions and changing the subject of a formula are the most important skills that a good mathematician can have, as it applies to so many areas of maths, as well as almost all of physics, engineering, economics, etc.

AQA A references

AO2 Number and algebra: Equations, formulae and identities

20.1, 20.2, 20.6
2.5a “distinguish the different roles played by letter symbols in algebra, using the correct notational conventions for multiplying or dividing by a given number, and knowing that letter symbols represent definite unknown numbers in equations, defined quantities or variables in formula, general, unspecified and independent numbers in identities, ...”

20.1, 20.2, 20.6
2.5b “... manipulate algebraic expressions by collecting like terms, multiplying a single term over a bracket, taking out common factors ...”

20.6
2.5h “... change the subject of a formula, including cases where the subject occurs twice, or where a power of the subject appears; ...”

20.2
2.5l “solve exactly, by elimination of an unknown two simultaneous equations in two unknowns, one of which is linear in each unknown, and the other is linear in one unknown and quadratic in the other or where the second is of the form x2 + y2 = r2.”

AO2 Number and algebra: Sequences, functions and graphs

20.3, 20.4
2.6a “generate common integer sequences ...; generate terms of a sequence using term-to-term and position-to-term definitions of the sequence; use linear expressions to describe the nth term of an arithmetic sequence ...”
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x = 5
6
a   10, 12      b   19, 23      c   18, 24      d   18, 15      e   36, 49      f   10 000, 100 000

7
a
1      b   5      c   9
8   a   2      b   4      c   8
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Find the value of p in each of these equations.


a
p = 4 + 3  2
b
4 = p + 3  2
c
4 = 3 + 2  p
5
Solve 4x – 7 = 13.

6
Write the next two terms of each sequence.


a
2, 4, 6, 8, ..., ...
b
3, 7, 11, 15, ..., ...


c
3, 4, 6, 9, 13, ..., ...
d
30, 27, 24, 21, ..., ...


e
1, 4, 9, 16, 25, ..., ...
f
1, 10, 100, 1000, ..., ...

7
Work out the values for the expression 4n – 3, when:


a
n = 1


b
n = 2


c
n = 3

8
Work out the values for the expression 2n, when:


a
n = 1


b
n = 2


c
n = 3

Incorporating exercise:
20A

Homework:
20.1


Examples:
20.1
Key words

brackets
expression

cancel
factorise

cross-multiply

Learning objective(s)

· simplify algebraic fractions

· solve equations containing algebraic fractions

Prior knowledge

Pupils must have a good understanding of adding, subtracting, multiplying and dividing normal fractions. They must also be happy in factorising, multiplying and simplifying algebraic expressions.

Starter

Ask pupils to:

· Work out the following: 
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· Work these out: 6m  3p, 6m  3m, 6m2  3mp, 2(3x + 5) (18mp, 18m2, 18m3p, 6x + 10) 
For A and A* pupils: (3x + 5)(x – 2) 
(3x2 – x – 10)

· Factorise these: 8m + 12p, 3p2 – 3pq, 8ab – 4bc (4(2m + 3p), 3p(p – q), 4b(2a – c))

Main teaching points

When adding and subtracting algebraic fractions, a common denominator must be found, just as if you are adding and subtracting normal fractions. Remember, you are only changing the appearance of the fraction and not it’s actual value – in effect you are multiplying each fraction by 1.

For example: 
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Same values as before, they just look different.

Common mistakes

For example, 
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, that is pupils have no understanding.

Differentiation

All but the good grade A pupils will need quite a bit of time to be able to handle questions where factorising and cancelling are required.

Plenary

Get the pupils to multiply some algebraic terms together as practice for the homework.

For example, 3(a – 5), 4(2a + 1), 2(4 – a), 6(a2 – 5a), (3 + a)(a – 5).

(3a – 15, 8a + 4, 8 – 2a, 6a2 – 30a, a2 – 2a – 15)

Incorporating exercise:
20B

Homework:
20.2


Examples:
20.2
Key words

linear
substitute

non-linear

Learning objective(s)

· solve linear and non-linear simultaneous equations

Prior knowledge

Pupils should be able to solve linear simultaneous equations (see Chapter 5, Section 5.5) and be confident in algebraic manipulation.

Starter

Use the substitution method to solve this pair of simultaneous equations.

2x + y = 5 and x + 3y = 5 
(x = 2, y = 1)

Ask the pupils to explain what steps are taken in the process of solving, and why.

Main teaching points

Always solve combinations of non-linear and linear simultaneous equations by the substitution method (not the elimination method).

Common mistakes

Solving for x (or y), and then not finding the value(s) of the other letter.

Differentiation

Lower ability pupils must be confident with solving linear simultaneous equations before attempting non-linear types.

Plenary

Write a pair of equations on the board, one linear, one quadratic.

For example:
y = x + 3
and y = x2 + 2x + 1


2y = x – 4
and y = x2 – 4x + 7


y + x = 1
and y = x2 – 4

Ask the pupils what should be done, in what order, and why. You don’t need to actually calculate the answers, just talk through the process step by step, in order to make sure the method is clear.

Incorporating exercises:
20C, 20D

Homework:
20.3


Example:
20.3
Key words

coefficient
nth term

consecutive
sequence

difference
term

Learning objective(s)

· recognise how number sequences are built up

· find the nth term of a sequence

· recognise some special sequences

Prior knowledge

Pupils need to be able to substitute into simple algebraic expressions and have some experience in continuing a sequence.

Starter

Put the numbers 2 and 4 on the board. What is the next number in this pattern? (6 or 8 are the most common answers – discuss why we cannot be certain.)

Do the same with the numbers 1 and 5.

How many numbers do you need in a pattern before you can know what the rule is for finding the next term? Does it depend on the type of pattern?

Main teaching points

Finding the difference between terms is the first thing to do with a pattern you don’t recognise. If this fails to get a result, look for another angle of attack, for example repeated multiplication if the numbers increase quickly.

Common mistakes

Only looking at the first two numbers and assuming the rest follow that pattern.

Plenary

Ask the pupils to make up their own number pattern and then swap books with another pupil.

“Can your neighbour work out your pattern, and can you work out theirs?” Put the difficult sequences up on the board for discussion.

Incorporating exercise:
20E

Homework:
20.4


Examples:
20.4
Key words

difference
rule

pattern

Learning objective(s)

· find the nth term from practical problems

Prior knowledge

Pupils need to be able to substitute into simple algebraic expressions and have some experience in continuing a sequence. Successfully completing Exercises 20C and 20D will help enormously for Exercise 20E.

Starter

Remind pupils how to find the next term and the nth term of a sequence. Give two or three for practice.

For example, 7, 9, 11, 13, 15, ...
7, 17, 27, 37, ...
7, 107, 207, 307, ...

Main teaching points

Some pupils get confused with these problems, but if they just sift through the words to get to the maths, write down the sequence, and concentrate on the numbers rather than if the question says fences or pentagons etc., they should be fine. Especially if they managed to cope with Exercises 20C and 20D.

Common mistakes

Not writing down the sequence and attempting to do the question in their head.

Differentiation

Some pupils will need help actually writing down the sequence to start with.

Plenary

Use a sequence such as the number of matches needed to make these hexagons.

[image: image40.jpg]



Ask the pupils to explain what steps to take, to find out how many matches would be used in the 50th shape.

Incorporating exercise:
20F

Homework:
20.5


Examples:
20.5
Key words

non-linear
second difference

quadratic rule

Learning objective(s)

· work out the nth term of a non-linear rule

Prior knowledge

Pupils must know the square numbers (n2), and should be able to recognise simple changes to them, for example 

n2 – 1, n2 + 1. Finding the nth term in the form an2 + bn + c requires basic algebraic manipulation skills.

Starter

List the first 10 square numbers.

List the first five numbers of the sequences: n2 + 1, n2 + 2, n2 – 1, n2 – 2

Find the value of c in the following sequences:

c, 3, 6, 11, 18, 27
(c = 2)

c, –1, 2, 7, 14, 23
(c = –2)

c, 0, 3, 8, 15, 24
(c = –1)

Main teaching points

Shown all options, many pupils tend to stick to one method – the ‘an2 + bn + c’ method, as it works for all quadratics. More able pupils will use it when the other options don’t work. Pupils must be encouraged to check if the rule is actually a quadratic before any further action is taken.

Common mistakes

Getting a quadratic rule, but not calculating whether it actually works.

Differentiation

For lower ability pupils, only show them the ‘an2 + bn + c’ method as it works for all quadratics.

Plenary

Ask the class to find the rule for this sequence: 1, 3, 6, 10, 15, ... (the triangular numbers: 
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Incorporating exercise:
20G

Homework:
20.6


Examples:
20.6
Key words

subject

transpose

Learning objective(s)

· change the subject of a formula where the subject occurs more than once

Prior knowledge

Good algebra skills are needed here, but this section will also help to develop them. Being able to use brackets, factorise and use algebraic fractions are all skills that are required.

Starter

Ask the class to:

· Factorise ax + bx, r2 + 2r. (x(a + b), r(r + 2))

· Factorise and simplify 
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· Find y in these equations: y = 2 + 3  6, 2 = y + 3  6, 3 = 2 + y  6, 6 = 3 + 2  y

(y = 20, y = –16, y = 
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Main teaching points

With problems such as find y when y = 2 + 3  6, we are looking for the straightforward calculation of the expression, and so we use BODMAS. However, when the problem is find y when 3 = 2 + y  6, we need to work backwards (SAMDOB), and this is the process for changing the subject. It is very similar to solving an equation, but instead of a numerical answer, we get an algebraic one.

Common mistakes

Not doing the opposite, for example, a + b = c, and wrongly writing a = c  +  b.

Not using brackets or a clear division, for example, for 2a + b = c, wrongly writing a = c – b ÷ 2, instead of 
either a = (c – b) ÷ 2, or a = 
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Plenary

Ask the pupils what steps need to be taken to make x the subject of the following:

3p = x + E, 3x + p = x – y, 4(x + 2y) = 2(y + x), t = 
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