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	This chapter covers all the probability material in the Higher syllabus. From use of the language associated with probability, and the ideas of experimental probability and expectation, it develops through to the ideas of mutually exclusive events, independent events and probabilities associated with combined events. Tree diagrams are used to calculate probabilities of multiple independent events, before finally looking at problems relating to dependent events.


Context

The subject of probability is one which pupils can readily link to their own experiences in life. With the recent increase in games of chance, such as the National Lottery, pupils are likely to have experiences which they can relate to the theory covered in this chapter.

It is helpful throughout the study of probability to use the language of chance and prediction, so that pupils are reminded that probabilities do not predict results in an exact way, only the likelihood of particular results.

AQA A references

AO4 Handling data: Interpreting and discussing results

19.1
4.5i “understand that if they repeat an experiment, they may – and usually will – get different outcomes, and that increasing sample size generally leads to better estimates of probability and population parameters”

AO4 Handling data: Processing and representing data

19.2
4.4d “identify different mutually exclusive outcomes and know that the sum of the probabilities of all these outcomes is 1”

19.3
4.4b “understand and use estimates or measures of probability from theoretical models, or from relative frequency”

19.4
4.4c “list all outcomes for single events, and for two successive events, in a systematic way”

19.5, 19.6, 19.8
4.4g “know when to add or multiply two probabilities: if A and B are mutually exclusive, then the probability of A or B occurring is P(A) + P(B), whereas if A and B are independent events, the probability of A and B occurring is P(A)  P(B)”

19.7–19.9
4.4h “use tree diagrams to represent outcomes of compound events, recognising when events are independent”
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Answers to diagnostic Check-in test

1
a
30%
b
77%
c
94%
d
9%

2
a
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b
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c
0.6
d
0.82


e
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3
a
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b
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d
0.91


e
0.68
f
0.39

4
a
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b
20%
c
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d
500

5
a
24
b
50
c
135
d
112

Chapter 19 • Probability • Check-in test

1
For each of these percentages, work out how much must be added to reach 100%.


a
70%
b
23%
c
6%
d
91%

2
For each fraction or decimal, work out how much must be added to reach 1.


a
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b
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c
0.4


d
0.18
e

[image: image12.wmf]12

5


3
Work out each of these, simplifying your fraction answers wherever possible.


a
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 =


b
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c
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 =


d
0.32 + 0.59 =


e
0.28 + 0.4 =


f
0.3 + 0.09 =

4
The travellers on a ferry were asked the reason for their journey. The results were put into this table.
	Reason for journey
	Holiday
	Business
	Shopping
	Family visit
	Other

	Frequency
	40
	25
	20
	18
	22



a
What fraction of the travellers were visiting family?


b
What percentage were on business?


c
What fraction were on holiday?


d
If 2500 people use the ferry in a month, how many, based on these results, would you expect to be travelling on business?

5
Work out each of these calculations.


a
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b
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 of 75


c
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 of 225


d
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	Incorporating exercise:
19A

Homework:
19.1


Example:
19.1
	Key words

experimental probability
trials

relative frequency


Learning objective(s)

· calculate experimental probabilities and relative frequencies

· estimate probabilities from experiments

· use different methods to estimate probabilities

Prior knowledge

Pupils must know how to find the probability of an event, using the definition P(A) = 
[image: image23.wmf]outcomes

 

possible

 

of

 

Number

happen

 

can

 

 

 ways

of

 

Number

A

, where A is an event.

Starter

Prepare a bag or box containing a number of different coloured balls or counters, or similar. Ask pupils to select one without looking and put it back. Have a pupil collect the data as it is generated. At different stages, for example after four selections and again after 10, ask for suggestions about what is in the bag. Ensure that pupils give reasons for their suggestions.

Main teaching points

Pupils should understand that there are three different methods for finding probabilities and they should know which method to use in any given situation. The three methods are:

· equally likely outcomes

· experiment or survey

· use of historical data.

Pupils should understand that experimental probability increases in accuracy with increasing numbers of trials.

It is worth at this stage reminding pupils that probabilities may be expressed as fractions or decimals or percentages. While fractions may be the most convenient way to express the probabilities in small practical exercises, it is often more useful to use one of the other representations for experimental probabilities as they are easier to compare as the number of trials in the experiment increases.

Common mistakes

When data is presented in tabular form, pupils often have difficulty in identifying the correct information. It should be made clear to them that they need to use ‘number of correct results’ and ‘number of trials’ in all cases, but they need to be able to interpret a table correctly to find these values. Some tables will be cumulative frequencies of the required outcome and others will be frequencies of all the results.

Plenary

Ask pupils to feed back the results of question 6, Exercise 19A in the Pupil Book. It would be hoped that by collating results, it can be shown that more accurate experimental probabilities may be obtained.

	Incorporating exercise:
19B

Homework:
19.2


Example:
19.2
	Key words

complementary
mutually exclusive

exhaustive


Learning objective(s)

· recognise mutually exclusive, complementary and exhaustive events

Prior knowledge

It would not be a bad idea to remind pupils of the make up of a deck of cards. While this may have been common knowledge at one time, it might be a little rash to assume all pupils will be this familiar with them today. There is also the question of jokers in the pack. Unless stated otherwise, pupils should assume a pack consists of 52 cards, with no jokers.

Starter

Continuing in the same vein as the Prior knowledge ask pupils simple probability questions based around a pack of cards. For example, suppose a single card is taken from a pack. What is the probability that:


a
it is a 2 of clubs?
d
it is a royal card?


b
it is a spade?
e
it is an ace?


c
it is a red card?
f
it is an odd-numbered card?

Ask for all probabilities to be given as simplified fractions.

Main teaching points

Two events A and B are said to be mutually exclusive if they cannot happen at the same time.

In particular, if B is the event of ‘A not happening’, then we say that A and B are complementary events, or that B is the complement of A. In this case we have

P(B) = 1 – P(A), or P(A) + P(B) = 1.

Since in this example, there is no possibility of anything other than A or B happening, events A and B are said to be exhaustive.

The majority of questions in Exercise 19B in the Pupil Book relate to the understanding of two events A and B being mutually exclusive. Question 5, however, requires possible outcomes to be listed and the probabilities computed using the formula:

P(A) = 
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Common mistakes

Mistakes or misunderstandings inevitably occur within the vicinity of fractions. For questions involving mutual exclusivity, ensure pupils are familiar in being able to do calculations requiring the application of P(B) = 1 – P(A). Run through a few examples, getting pupils to evaluate forms such as:

1 – 
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 and 1 – 
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13


Plenary

Return to the pack of cards. Suggest to pupils that a single card is picked at random. Ask them for descriptions of two events which are:

a
mutually exclusive and exhaustive

b
mutually exclusive and not exhaustive

c
not mutually exclusive.

	Incorporating exercise:
19C

Homework:
19.3


Example:
19.3
	Key words

expectation


Learning objective(s)

· predict the likely number of successful events given the number of trials and the probability of any one event

Prior knowledge

Pupils must know how to find the probability of an event. They must also know how to calculate a fraction of a quantity.

Starter

Recap, or ask a pupil to explain, how to find a fraction of a quantity.

Display the number 240 and ask pupils to choose a fraction to find of this number. It may be more appropriate to limit the choice of fractions to be used to halves, thirds, quarters, fifths, sixths, eighths, tenths, twelfths.

Main teaching points

Pupils should understand that probabilities are a measure of the proportion of trials that are expected to conclude in the outcome under consideration. It is important that they understand that reality rarely follows exactly what is expected in theory, but that as the number of trials increases, the proportion should become closer to the expected or predicted proportion.

It is worth putting this in context and giving pupils examples of where this theory is used in daily practice. The National Lottery, for example, relies entirely on expectations. Also, games of chance, such as fairground games, would not operate if the owners could not be confident of making a profit out of them in the long run. The calculation of expected profit from any game of chance relies entirely on a large number of participants ensuring that the proportion of winners to losers is very close to what the theoretical probability suggests.

Common mistakes

Mistakes here are likely to be confined to one of two kinds. Firstly, some pupils work out the required probability incorrectly; secondly, some work out the fraction of the number of trials incorrectly.

Differentiation

Question 8 of Exercise 19C in the Pupil Book will stretch all but the most able pupils, as it requires a little more creativity of thought than just following a prescribed method to find an answer.

Plenary

Display a sample space diagram of total scores from the roll of two dice. Ask the pupils how many times they would expect to get different scores (such as 4, 12, 5, less than 4, etc.), from 360 rolls of the dice. Which score would they expect to get most often? Ask them why you picked 360 rolls.

	Incorporating exercise:
19D

Homework:
19.4


Example:
19.4
	Key words

two-way tables


Learning objective(s)

· read a two-way table and use them to work out probabilities and interpret data

Prior knowledge

Pupils must be able to retrieve information presented in tabular form. They must know how to find the probability of an event. They must be able to find the expected number of results from the total number of trials and the probability of the event in question.

Starter

Collect some data from the class that can be tallied into a two-way table. Ask pupils, say, to name their favourite pop group, or football team, or sport, from a given short list. In this way, you can construct a two-way table with column headings male and female, and, say, four row headings. (In a single-sex class, find some other way of splitting the class into two groups.)

Ask the class to provide probabilities of selecting different classes of people (for example, a girl who supports Man Utd, or a boy whose favourite sport is golf, etc). Choose a relatively straightforward multiple of the number of pupils in the class, and ask how many would be expected out of this total to be in each category in the table.

Main teaching points

Pupils should understand that a two-way table is a means of classifying or categorising a population into subsections. They will need to understand that the size of the population can be found simply by adding all the entries in the table together. The probabilities associated with each category in the table are the fractions that each category represents of the total population.

Pupils should understand that these probabilities can be used to find the expected numbers of other populations, provided that the two populations represent similar characteristics.

Common mistakes

Most mistakes here will come from misunderstandings in how to read the data from a two-way table. Going through many examples, with as much discussion as possible, will assist pupils’ understanding of how to interpret these tables.

Differentiation

The questions in Exercise 19D in the Pupil Book cover grades C and D. More able pupils should find question 1 easy and questions 2 to 4 also quite easy. Less able pupils will find questions 5 and 6 difficult and question 7 very difficult.

Plenary

Revisit the information from the lesson starter. Ask pupils to suggest how to calculate the percentages of the total that each represents.

	Incorporating exercise:
19E

Homework:
19.5


Example:
19.5
	Key words

either


Learning objective(s)

· work out the probability of two events such as P(event A) or P(event B)

Prior knowledge

Pupils must know how to find the probability of an event. They must also know how to express one number as a fraction of another, how to simplify fractions and how to add and subtract fractions.

Starter

Display the fractions 
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. Ask pupils to choose a pair to add. Then ask them to choose any 

three to add, then any four to add, and finally to add all five.

Main teaching points

Pupils should understand that the probability of either of two (or more) mutually exclusive outcomes can be found by adding together the probabilities of each of the individual outcomes. So, if events A and B are mutually exclusive, then P(A or B) = P(A) + P(B).

The concept of mutual exclusivity should be revisited from Section 19.2, along with examples of outcomes which are and are not mutually exclusive to illustrate the difference. They should also understand why it is not appropriate to add together probabilities of outcomes which are not mutually exclusive. It may be useful to illustrate this with a suitable example. For example, if a dice is rolled, consider the probability of rolling an even number or a prime number.

Pupils should understand why probabilities of ‘either one outcome or another outcome’ are bigger than each individual probability, and why probabilities of ‘one outcome and then another outcome’ are smaller than each individual probability.

Common mistakes

Pupils often make mistakes in adding together probability fractions.

Pupils often learn how to add together probabilities, but they do not always understand when it is appropriate to do so. Question 8 of Exercise 19E is particularly useful in illustrating an occasion when it is not appropriate to do so.

Plenary

Display a target board with whole numbers on it. Ask for probabilities of events such as ‘picking a multiple of 4 or 6’, ‘picking a prime number or a factor of 100’, ‘picking a number which is a factor of 40 and 60’, etc. The choice of questions will depend on the numbers displayed.

	Incorporating exercise:
19F

Homework:
19.6


Example:
19.6
	Key words

probability space diagram

sample space diagram


Learning objective(s)

· work out the probability of two events occurring at the same time

Prior knowledge

Pupils must know how to find the probability of an event.

Starter

Split the class into pairs. Provide each pair with two dice. With a time limit of 2 minutes, ask each pair to roll the dice, add the scores on the dice on each roll, and record each total score. While they are doing this, prepare a tally chart on the board, and then collate all the results from the class when they have finished. Ask for the relative frequencies, or experimental probabilities, for each score.

Main teaching points

Pupils should first clearly understand what is meant by combined events.

They should understand how to construct a sample space diagram for combined events. This is a method for easily identifying all the possible equally likely outcomes. From this knowledge, the method for finding a theoretical probability is now simply:

P(A) = 
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, where A is an event

Pupils should understand that all the other techniques learned in this chapter can be applied equally to combined events as well, including the addition rule, experimental probability, and the probability that an event will not happen.

Common mistakes

The most common mistake with this type of problem is that pupils are careless about reading the instructions thoroughly. It should be made clear to them that a sample space diagram can either record two separate results in each cell or the outcome of the both results, such as adding them or finding the difference between them, or whatever is required by the particular question. They should make the decision about what to record themselves.

Differentiation

Work on combined events can be extended to more complex situations. For example, you could have two spinners, one numbered 8, 9, 10, 12, 15 and the other numbered 4, 6, 14, 18, 24, and outcomes such as highest common factor or lowest common multiple.

Plenary

Compare the results from the lesson starter with the theoretical probabilities that have been calculated in 
question 1 of Exercise 19F in the Pupil Book. Discuss any differences.

	Incorporating exercise:
19G

Homework:
19.7


Example:
19.7
	Key words

combined events
tree diagram

space diagram


Learning objective(s)

· use sample space diagrams and tree diagrams to work out the probability of combined events

Prior knowledge

Pupils should have completed Section 19.6 and be able to calculate the probability of two events happening at the same time through the use of sample space diagrams.

They should be confident in adding and multiplying simple fractions and, for probabilities that are given in decimal form, adding and multiplying decimals.

Starter

Give pupils some typical calculations involving sums and products of fractions. The pace and focus of the lesson can be needlessly derailed if confidence is lacking in this area.

Main teaching points

The main focus of this section is on tree diagrams. These are a way of allowing probabilities of two or more successive events to be calculated for events that are not necessarily equally likely. However, their potential untidiness makes them impractical for situations where each event has more than three outcomes.

Each event is depicted by a branch of the tree. The probability of any event happening is written on the corresponding branch.

The probability of any outcome is calculated by multiplying together the probabilities along the respective branches. Several of these probabilities may then be added if the question is requiring the probability of ‘one outcome or another’. Pupils may find it useful to remember the rule: ‘multiply along the branches, and add down the tree’.

If probabilities are given in fractional form, final answers should always be simplified wherever possible.

Common mistakes

Some pupils may decide to add probabilities along the branches, rather than multiply them. It is also important to make sure that pupils draw the initial tree diagram to a reasonable size and label each branch with its corresponding probability, irrespective of what the question is asking.

Differentiation

Lower achieving pupils can find difficulties in setting up a tree diagram if the outline is not drawn for them. They may need to look at more examples and questions to help them in this area.

Plenary

Compare tree diagrams with sample space diagrams from Section 19.6. Ask pupils what advantages or disadvantages one might have over the other. Can they come up with scenarios where it is clearly preferable to use tree diagrams instead of sample space diagrams, and vice versa?

	Incorporating exercises:
19H, 19I, 19J

Homework:
19.8


Example:
19.8
	Key words

and

independent events

or


Learning objective(s)

· use the connectors ‘and’ and ‘or’ to find the probability of combined events

Prior knowledge

Pupils must know how to find the probability of combined events using sample space diagrams and tree diagrams. They should be familiar with mutually exclusive events, and know that if A and B are two such events, then 

P(A or B) = P(A) + P(B).

Starter

Can pupils solve a tree diagram question without the use of a tree diagram? For example, suppose a dice is thrown twice. What is the probability of scoring exactly one six from both throws?

How could we then work out the probability of scoring exactly one six from three throws?

Main teaching points

If two events A and B are such that the outcome of one does not affect the outcome of the other, then A and B are said to be independent events. Suppose, for example, a bag contains five red balls and four yellow balls and two balls are taken out, one after the other, without replacement. Then the probability of the second ball being red will depend on the colour of the first ball taken from the bag. Therefore, these events would not be independent. However, if the first ball was replaced before the second was taken, then the two events would be independent.

For any two independent events, A and B, we have that P(A and B) = P(A)  P(B).

Some questions in Exercises 19H, 19I and 19J can be worked out using tree diagrams. However, these are impractical for cases involving a sequence of events that generate a large number of outcomes, such as rolling a die or tossing a coin more than two or three times. The calculation used is effectively the same, but relies on the words ‘and’ and ‘or’. If pupils are asked to calculate the probability of a compound event, they should firstly think of the possibilities of how that event could happen, using the words ‘and’ and ‘or’. Then, remembering ‘and means multiply and or means add’, they should be able to write down the calculation necessary to solve the problem.

Many questions involving combined events ask for cases where at least one of the events occurs. In these cases, it is best to use P(at least one happens) = 1 – P(none happens). Questions of this type have already been met by pupils (see, for example, Homework 19.7 and Worked examples 19.7) without the method so far being formally taught.

Common mistakes

Pupils are often too quick to think of one possibility of a compound event happening, without considering all eventualities. For example, suppose a coin is tossed twice. What is the probability of getting a head and a tail? They should be writing P(head and tail) = P(head first and tail second or tail first and head second). Less able pupils are likely to plunge straight into P(head and tail) =
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, thus missing one or more valid outcomes. Encourage pupils to think of all the possibilities before the probabilities.

Differentiation

The vast majority of questions are grade A standard and so may prove inaccessible to a significant number of pupils. They may prefer to do some initial working with the help of a tree diagram, although this would not be practical for all questions in the Pupil Book.

Plenary

Ask pupils to define mutually exclusive events and independent events.

Pose the following questions:

· If two events A and B are mutually exclusive, what can be said about P(A or B)?

· If two events A and B are independent, what can be said about P(A and B)?

· Can pupils suggest two events which are/are not mutually exclusive?

· Can pupils suggest two events which are/are not independent?

	Incorporating exercise:
19K

Homework:
19.9


Example:
19.9
	Key words

conditional probability


Learning objective(s)

· work out the probability of combined events when the probabilities change after each event

Prior knowledge

Pupils should have covered Sections 19.7 and 19.8 and be confident in calculating probabilities of compound events with and without tree diagrams.

Starter

Go through question 1 from Worked examples 19.9 with pupils, but initially using a tree diagram. This way, the ‘dependent’ probabilities attached to the second column branches may be seen more clearly and discussed.

Main teaching points

This section on conditional probability relates to dependent events in comparison to the previous section on independent events. The questions involved are almost identical in style, and situations are generally similar, 

except for changes that have the effect of altering probabilities relating to sequences of events. Pupils will already have come across some relatively simple conditional probability problems in the sections on tree diagrams and independent events, this section builds on that work by introducing pupils to more challenging problems.

Common mistakes

As in the previous section, pupils can miss out on all the possibilities that are required to answer a particular question. Since this topic mainly concerns itself with conditional probability and dependent events, there is also always the chance that individual events will be treated as independent events rather than the dependent events that are now more likely to be seen. In any case, more able pupils should quickly be able to develop a better awareness of dependent events and their associated probabilities.

Differentiation

Conditional probability is one of only a few topics aimed at discriminating between the most able. A clear understanding of the main aspects of probability covered so far is desirable. Less able pupils (relatively speaking) should be able to understand the easier type of question in this section – the suggested starter should be accessible, for instance. Only the most able will be able to understand and produce correct solutions for problems involving dependent events without the aid of tree diagrams.

Plenary

Try pupils on a mix of questions to cover various aspects of probability covered in the chapter.

· Two cards are drawn one at a time from a pack of cards. The cards are replaced each time. What is the probability that at least one of them is a spade? 
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· A fair dice is thrown twice. What is the probability of getting at least one six? 
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· The dice is thrown three times. What is the probability of getting at least one six now? (Answer: 0.421)

· The dice is thrown four times. What is the probability of getting at least one six? (Answer: 0.518)

· The dice is thrown n times. What is the probability of getting at least one six? 
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· There are five socks in a drawer, of which three are blue and two are black? You take out two socks. What is the probability that:


a
both socks are blue?


b
both socks are black?


c
you get a pair of socks?


d
at least one of the socks is blue?
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